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ON A SEMILINEAR VOLTERRA
INTEGRODIFFERENTIAL EQUATION

BY
SERGIU AIZICOVIC]

ABSTRACT
The Volterra integrodifferential equation

u,(t,x)+jl a(t—s)(—Au(s,x)+ f(x,u(s,x)))ds = h(t,x),

t>0, x€QCRPY,

together with boundary and initial conditions is considered. The existence of
global solutions (in time) is established under weak assumptions on f. An
application in heat fiow is also indicated.

1. Introduction

This paper is concerned with the existence of solutions of the boundary initial
value problem

1.1) w(s,x)+ L‘ a(t—s)(—Au(s,x)+ f(x,u(s,x)))yds = h(t,x), t>0, x€Q,

(1.2) u(t,x)=0, t=z0, x€eT,
(1.3) u(0,x) = uo(x), x e

Here Q is a bounded open subset of R™ with smooth boundary I', a : [0, ©)— R,
h:{0,0)xQ—> R, u,:Q— R are given functions, A denotes the Laplacian,
while f: ) X R — R is a strongly nonlinear perturbing term in the sense we do
not impose an over-all growth condition on the size of f(x, u) as a function of u.
The problem serves as a very special model for three-dimensional heat flow in
materials with memory. This aspect is discussed in Section 5. It also occurs in
viscoelasticity (see [11]).

In case f is independent of x, continuous and monotone nondecreasing in u,
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problem (1.1)~(1.3) falls within the scope of [1]; see aiso [2, theorem 2]. An
existence result for nonmonotone f, subject to severe growth restrictions, was
announced (without proof) by Wong [11].

In the present work we are able to handle arbitrary continuous functions
f(x, u) which have the same sign as u. Our approach, carried out in Sections 2-4,
involves some ideas previously used by Strauss [10] in the study of a class of
hyperbolic equations related to (1.1).

2. The main result

The following basic assumptions are in force throughout the paper:

2.1) a € Wi([0,); R),

2.2) a(0)>0,

(2.3) f is a real-valued continuous function on X R,
2.4) uf(x,u)=0, foralilxEQanducRg,
(2.5) h € Wi ([0, »); L*(Q2)),

(2.6) u, € Ho(2),

27 g(.,ul.)€ELYQ) (g(x,u)=f0“f(x,s)ds, xeq, uER).

Recall (see e.g. [3, p- 19]) that Wi2([0, ); X)) (X — a Banach space) consists of
all locally absolutely continuous functions w from [0, ») to X, whose derivatives
d'w/dt’ (defined almost everywhere) are locally absolutely continuous for
j=1,2,---,k —1 and lie in L{.([0,%); X) for j =1,2,--- k.

Our main result is

THEOREM 2.1. Let the hypotheses (2.1)~(2.7) be satisfied. Then there exists a
function u(t, x) satisfying (1.1) (in the sense of distributions), (1.2), (1.3) and

(2.8) u € L ([0, ); Hs()) N C([0, »); L*()),

(2.9) 4, € Licc([0,); L*(Q)) N Lo ([0, %); H Q) + L(Q)),
(2.10) us € Lic([0,); HT(Q) + L'(1)),

(2.11) f(.,u(.,.)) € Li([0,); L'(£2)),

(2.12) w(., I u(, ) € L0, 0); LYQ)).
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ReEMARK 2.1. (i) From (2.8)-(2.10) it follows that u and u, are weakly
continuous maps of [0,®) into H(Q) and L*(Q) respectively.

(ii) Since a =1 satisfies (2.1), (2.2), the theorem provides solutions to the
semilinear hyperbolic equation

Ue(t, x)— Aul(t, x)+ f(x, u(t, x)) = h(t, x), t>0, x€,
with the boundary condition
u(t,x)=0 on {0,0)xT
and the initial conditions
u(0,x)=uxx), w(0,x)=h(0,x), x €.

Compare [10, theorem 2].

3. The approximating equation

For brevity in notation, we set: V =Hy(), H=L*Q), V'= H'(Q). We
have V CH C V', with dense and continuous inclusions. Moreover

3.1) The injection of V into H is compact.

The norms in V and H will be denoted by ||} and |.] respectively. If v € V
and v’ € V' we use (v', v) to indicate their scalar product in the duality between
V' and V; this coincides with their inner product in H, whenever v' € H.

Let A = — A and remark that A is a linear, positive and symmetric operator
from V into V'. Therefore A = d¢ (9 = subdifferential), with

(3.2) e(u)=3(Au,u)=3ulf, uew
Define Ay in H by
Anv = Av, vED(Ay)={vE V;Av E H}.
Obviously,

¢(v), vEY,

Ay = dpn, ou(v)= {
+o,  p€E H\V.

As Ay is maximal monotone, the Yosida approximations A, of Ay can be
defined for A >0 by

(33) A, = A_l(I - JA),
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where I designates the identity on H and J, = (I + AAx)™". It is well-known that
J, is a monotone contraction in H, while A, is maximal monotone and Lipschitz
with constant 1/A. Moreover,

A,\ = 3tp,\,

(3.4) o) = o) + 5] Aw

=inf{ut+cp”(v)}, u€H.

veH 2A
We refer the reader to [4] for background material on monotone operators in
Hilbert spaces.
On the other hand, in view of (2.3), (2.4) and [10, lemma 2.2] there is an
approximating sequence of continuous functions fi :QXx R—>R, k =1,2,---,
satisfying

For each k there exists ¢, > 0 such that

G fmw-feo)salu-vl  VxeQ, VuveR
f« tends to f, as k — = uniformly on {} X B,

(36) for any bounded subset B of R,

(.7 ufy (6, u)=0, Vk, V(xu)EQxXR

From (3.5) it follows that the operator F, : H — H, given by
(Fau)(x) = fi (x, u(x)), ueH xegq,

is everywhere defined and Lipschitz continuous.
We now replace (1.1)~(1.3) by the following approximating problem in H:

Q) uw(®)+ foa(t —s)(Ac + F)u(s)ds = h(t), t >0 (= d/dt),
(i) w.(0) = ueo.

Here A, stands for the Yosida approximation of Ay corresponding to A = 1/k
(see (3.3)) and uy, is the sequence of truncated functions associated to i, in the
usual way, i.e.,

(3.8)

u(x), if |uo(x)| =k,
uo(x)= 4 k, if uo(x)>k,

—k, if ux)< -k
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Note (see [9]) that u,o € V and uwo— uo (k > ) in V, as well as a.e.
Inasmuch as A + F, is Lipschitzian on H, (3.8) has a unique solution
u, € W2([0,); H). We aim at establishing bounds on u,, as k — .
First define G, : H— R by

Gk(u)=fn g (x, u(x))dx, u€EH,;

gk(x,v)=Lufk(x,s)ds, (x, 1) EQXR.

Clearly (cf. (3.7)), G. is nonnegative on H. In addition, one can readily show that
u — G.u is Fréchet differentiable on H and admits F,u as Fréchet differential at
every point, i.e. for all u € H,

G (u+h)—Gi(u)=(F.(u),h)+o(h)), as |{h|—0.

Consequently,
(3.9 (ui(t), Fc(uc (1)) = ditG" (u (1)), a.e. on (0, «).

We now form the ( , ) product of (3.8)(i) with v.(¢) = (A« + F.)u.(t) and
integrate over (0,¢), 0=t = T (T arbitrary). Using (3.4), (3.8)(ii), (3.9), and [4,
lemma 3.3} we obtain

P18 (6) = (1) + G ()~ Gieo)+ | (2 00(s), 0 (s))ds

(3.10) ,
=f (h(s),v(s))ds, O0=t=T,

where a *v(1) = foa(t — s)v(s)ds and ¢, denotes @, with A = 1/k, cf. (3.4).
Since @« 20, G, Z0 and ¢ (1) = ¢(4), Yu € H, (3.10) leads to

J: (a * vi(s), v (5))ds = @ (o) + Gi (o) + (h(t), L uk(s)ds)

- fol (h’(s)’ fo ”k(T)df)ds.

Calling on the properties of f, fi, Uo, U, it is easy to deduce (see [10]) that

(3.11)

(3.12) Gkuko_> Guo = J'n g(x, uo(x ))dx (k i °°).
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1t should be noted that (3.12) actually holds for an appropriate subsequence G;,
of Gy (j. — ), but we do not bother changing the notation. Next observe that
(3.2) and the convergence of u to u, in V give

(3.13) @ (o) = @ (uo).

Thus, employing (3.12), (3.13) and (2.5) in (3.11) yields

(3.14) f " (@ *ve(s), ve(s))ds = c<1 + max

L o (7)dr ) L€ [0, T].
Here and in the sequel the letter C designates a finite positive constant,
independent of k.

Now, let us mention that (2.1), (2.2) are stronger than Conditions (a,) in [5,
proposition (a)]. Hence a satisfies Conditions (a) of [5]. This information in
conjunction with (3.14) implies

(3.15) “: vk(s)ds'§C, O=st=T
and
(3.16) L‘ (a * v (s), vk(s))ds, =C, 0=t=T

Since a * v (t)=a(0)fov.(s)ds + foa'(t — s) fovi(r)drds, from (3.8)(i) and
(3.15) it follows that

(3.17) {ul} is bounded in L=(0, T; H).

Then combining (3.10), (3.12), (3.13), (3.15) and (3.16) we get
(3.18) a(um(t)=C, O0=t=T

By (3.4), this implies

-1
onUan()=C, 0SI=T, J = (I+%AH>
and consequently (cf. (3.2))
(3.19) {Jut } is bounded in L=(0, T’; V).

Taking note of the fact that
[T (¢ + B) = Jan ()| S| (t + h)— w (1)},

we infer from (3.17) that
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(3.20) {Jiu.}isboundedin L=(0, T; H).

4. Proof of Theorem 2.1

The proof rests on the estimates of the preceding section. By (3.1), (3.19),
(3.20) and the Ascoli theorem we may choose an infinite subsequence of the
integers k (which we denote without loss of generality as the original sequence)
such that

4.1) Juue—>u (k—x), stronglyin C([0, T); H)
and
4.2) Juu — u,  weakly-starin L0, T; V).

Since A.ui () = AJuc(t), (4.2) leads to
4.3) A, — Au, weakly-star in L=(0, T; V).
Recall now that
[ (8) = T (1) P = kizlA,‘u,‘(t)lz.
This, (3.4), (3.18) and (4.1) give us
4.9) u.—u, strongly in C([0, T]; H).

From (3.17) and (4.4) it follows that for a subsequence of the original sequence
(which we denote once more for simplicity of notation as {us}),

(4.5) U= u, = u’', weakly-starin L™(0, T; H).

It remains to establish the convergence of Fu(t). This is carried out by means
of [10, theorem 1.1]. We view {F.u. (1)} as a sequence in L'(0, T;L'(Q))=
L'(Q), Q=10,T[x Q. Firstly, by (4.4), (2.3) and (3.6) one has (for some
subsequence again denoted as {u.})

() w(t,x)—>u(,x), ae. (Lx)EQ,
@) fe(x, ue(t, x))— f(x, u(t, x)), a.e. on Q.

Then we will prove that

4.6)

J;Tfn [ (t, )| |fu(x, i (t, x))| dxdt = C <o,

or, equivalently (see (3.7))
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T
4.7 f f w (1, x)fi (x, u (8, x))dxdt = C.
0 Q
We proceed by differentiating (3.8)(i) in H; this gives
(4.8) ui(®)+ a@u () + a'*v(t) = h'(z), ae.t>0.

Multiply (4.8) by u«(t) and integrate over (0, T) to obtain

(e (T, LT ~ o hO) [ )Pt + a0) [ (Aut 0, (e
(4.9) +a(0) fo T (Futke (8), e (1)) dt + L " (@' e (t), u () dt

= L ’ (h'(t), u (t))dr.

Inasmuch as u,(¢) and u(¢) are uniformly bounded on [0, T] (cf. (3.17), (4.4))
and (A (2), uc(¢)) = 0, from (4.9) it follows that

(4.10) a(0) fo " (B (1), ()t = c(1 + f "o vk(t)ldt).

Taking into account (2.1) we may write

a’* v (1) = a'(0) L o (s)ds + L a’(t - s)f’ vy (r)drds.

In view of (3.15), this yields |a'*u(t)]=C, 0=t =T and consequently (cf.
(4.10), (2.2)), (4.7) holds.

Now, by virtue of (3.6), (4.6)(ii) and (4.7), theorem 1.1 in [10] enables us to
deduce that

(4.11) f(x,u(t,x))€ L'(Q)
and
(4.12) Fau (t)—f(.,u(t,.))=Fu(t), stronglyin L'(0, T; L'(2)).

We can finally show that u(t) satisfies (1.1)-(1.3) as well as (2.8)-(2.12). Recall
first that T was arbitrarily chosen. By (4.3)—(4.5) and (4.12), passage to the limit
in (3.8) yields (1.1) and (1.3). Then (4.2) and (4.4) imply (1.2) and (2.8). Assertions
(2.9)~(2.11) are straightforward consequences of (4.3), (4.5), (4.11) and (2.5). As
regards (2.12), it follows easily from (3.7), (4.6) and (4.7) via Fatou’s lemma. The
proof is complete.
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5. Heat conduction in materials with memory

In this section we suggest a special heat flow model to which our previous
theory applies. We let ) be the region of three-dimensional Euclidean space
occupied by a rigid, stationary heat conductor. Let u(x,t), e(x,t), g(x,t) and
r(x, t) (x €Q, —» <t <x) denote the absolute temperature, internal energy,
heat flux and heat supply respectively. The energy balance equation assumes the
form

é.1) ee=—Vqg+r
Gurtin and Pipkin [6] have developed a general theory of heat conduction for

nonlinear materials with memory. When this theory is linearized, it yields the
constitutive equations

w©

5.2) e(x,t)=cu(x,t)+ f a(s)u(x, t — s)ds,

(5.3) q(x, 1) = —rp(s)vu(x,t—s)ds,

for isotropic materials. Here ¢ >0 denotes the instantaneous heat capacity,
while @ and B stand for the respective energy and heat flux relaxation functions.

We can treat a partially nonlinear variant of (5.2) and (5.3). We keep (5.3) and
replace (5.2) by

(5.4) e(x, t)=cu(x,t)+Jma(s)f(x,u(x,t—s))ds f:QxR—R).

(Mac Camy [7] considered the one-dimensional version of (5.2), (5.3) with a
nonlinearity in the heat flux relation.)

Without loss of generality we may suppose the material is at zero temperature
and internal energy up to time ¢t = 0. (Nonzero initial histories can be incorpo-
rated into the forcing term.) Then (5.1), (5.3) and (5.4) lead to

cu,(x, 1)+ aO)f (x, u(x; 1)) + f " (e = $)f(x, u(x, 5))ds

= f B(t—s)Au(x,s)ds + r(x,t), t>0, xefl.
Q

If we take a{0) = 0 (this is reasonable from the physical viewpoint, see [8]) and
a'(t)=kB(t), k >0 we arrive at an equation of the form (1.1) where

a()=1(1+1)B(r) and h=%r.



282 S. AIZICOVICI Israel J. Math.

Consequently, one can apply Theorem 2.1, provided that (2.1)-(2.7) hold. Note
that in this context, conditions (2.1), (2.2) seem quite natural, cf. [8].

6. Final remarks

RemARrk 6.1.  The procedure discussed in Sections 3 and 4 works equally well
when

(i) — A is replaced by a linear positive, symmetric, strongly elliptic operator
L:Hg(Q)— H™™({);

(ii) Condition (2.4) is weakened to

f(x, u) = folx), Vx€Q and uz=M,
and correspondingly
f(x, u) = fo(x), Vx€f)l and u=-M,
for some M =0 and fo€ C(Q).

ReMARrk 6.2. By a well-known device (see e.g. [7]), Eq. (1.1) can be reduced
to

6.1) —Au+ f(x,u)+rQu, +r'*u, = H(t, x),

1,
a(0)™
where r is the resolvent of a’, that is, the solution of

t 1} t
0)r(t)+ f (5 ds = _a_(_),
aOr()+ | a't=s)r(s)ds = =50
and H depends on h and r.
The left-hand side of (6.1) is seen to be a linear perturbation of the operator
considered by Strauss [10]. Consequently, starting from (6.1) one could also
develop an existence theory, along the lines of [10].

REMARK 6.3. Let u be the solution of (1.1)-(1.3) constructed in the proof of
Theorem 2.1. Results concerning boundedness and asymptotic behaviour of u
on (0 =t <) can easily be derived at the expense of stronger assumptions on a
and h. For example, replace (2.1), (2.2) by

a € C*0,=)N C'[0,);
©62) a(0)>0;, (-1 a*(t)z0, k=012, t>0.

Suppose also that h satisfies (2.5)and (| . |stands for the normin H = L*(Q2))
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(6.3) [h(t)| = 8a(t), |h'(t)|s -6a'(t), >0,

for some § > 0.
In this case, the technique of [5, p. 718] (see especially the remarks at the end
of the proof of theorem 3 in [5]) enables us to deduce

THEOREM 6.1. Assume that (2.3)-(2.7), (6.2) and (6.3) hold. Then problem
(1.1)-(1.3) has a solution u satisfying (besides (2.8)-(2.12))

u € L7(0,%; V),

sup Q.(v;t)<o,

O=t<x=

la*xv() = lim inf2a(0)Q.(u:;1), tZ0,

where
2(t) = (Ax + F)u(t),  o(t)= Au(t)+ Fu(t),
while
o,,(u;:)=ﬁ§9‘£ o(s)ds 2—%[’ a'(r) L o(s)ds| dr
- ae-n f o(s)ds 2d¢+%f0'£a"(7-s) ffv(a)da " dsdr.

{Similarly one defines Q.(vc;t).)

Note that since fyv(s)ds € H, t =0, the above expressions make sense.
Suppose now (cf. [7]) that

6.4 a € C0,»); a(0)>0; a'(0)<0,
6.5 ta®()eL'(0,°), k=0,1,2; j=3+ NforsomeN =0,
(6.6) Red(in)>0 forallq.

Here d denotes the Laplace transform of a. (From (6.5) it follows that d(s) is of
class C"*? in Res =0.)
Let us strengthen (2.5) to

(6.7) h € W'¥([0, ); L(R)).

If we now use Eq. (3.8), written under the form (6.1), and follow the procedure of
Mac Camy (7, lemma 4.1], we arrive at
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THEOREM 6.2. Let the conditions (2.3), (2.4), (2.6), (2.7) and (6.4)-(6.7) be
satisfied. Let u be the solution of (1.1)-(1.3) given by Theorem 2.1. Then

lim| w?(t,x)dx =0.

t—»0
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